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Abstract
We show the existence of simple 8-(31,12,3080), 8-(40,12,16 200) and 8-(40,12,16 520) designs and list for each parameter set
one example in full detail. The designs are constructed with a prescribed group of automorphisms PSL(3, 5) or PSL(4, 3) using the
method of Kramer and Mesner [t-designs on hypergraphs, Discrete Math. 15 (3) (1976) 263–296].
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Constructing simple t-designs directly is difﬁcult for large t, where we consider t = 5, 6, 7, 8, 9 as large, in this
context. It is well known that simple t-designs exist for all values of t [24,25,1] but the constructions of such designs
rely on large set recursion and generally require a huge number of points. So, obtaining such designs on small point
sets is still a challenging problem. We have designed a software tool DISCRETA [6] for constructing designs with
a prescribed group of automorphisms A, based on the method of selecting orbits of A made popular by Kramer and
Mesner [16]. We are keeping a database of parameter sets of t-designs with large t on the Internet,1 where it can be
seen that only very few 8-designs on up to 40 points are known and the only 9-designs in this range are obtained by
applying Alltop’s construction [2] to some 8-designs.
Many interesting t-designs can be obtained by prescribing PSL(2, q) for some prime power q in its natural or an
induced action as a group of automorphisms. Prominent examples are Steiner 5-systems on 12,24,28,36,48,72,84,108,
132,168, and 244 points [27,10,22,14,12,11,13,21,9,8], including the Witt-designs. Furthermore many 6- [17] and
7-designs [6] have been found this way. But for larger t these groups either do not yield the desired designs or the
groups are too small for reducing the search space to a manageable size. So, we looked for different groups.
The ﬁrst simple 8-designs we found were obtained by prescribing PSL(3, 5) as a group of automorphisms [3]. By
prescribing PSL(4, 3) [7] we also found simple 8-designs on 40 points. Other simple 8-designs were found prescribing
ASL(3, 3) [18] and prescribing Sp(6, 2) acting on 36 points by Betten et al. [4]. We now searched the parameter space
with more powerful hardware and software and obtained the surprising result that with this group of automorphisms
there are no 8-(31, 11, ) designs admitting PSL(3, 5) as a group of automorphisms and there may exist 8-(31, 12, )
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Table 1
8-(31, k, ) Designs from PSL(3, 5)
k KM-size () 1, no. isomorphism types 2, no. isomorphism types  open
9 42 × 92 1 – - –
10 42 × 174 1 93, 138 [3] 100, 1658 [3] –
11 42 × 296 77 – – –
12 42 × 476 385 3080, 107 – 1155
Table 2
8-(40, k, ) Designs from PSL(4, 3)
k KM-size () 1, no. isomorphism types 2, no. isomorphism types  open
9 53 × 111 8 – – –
10 53 × 263 4 – – –
11 53 × 569 40 1440 [7], 231 – –
i · 3240,
12 53 × 1227 10 5 · 3240 = 16 200, 3 5 · 3240 + 320 = 16 520, 30 i · 3240 + 320
for 1 i4
designs with this automorphism group for only two parameter sets. The results for the 8-designs with prescribed
projective group are given in tables Tables 1 and 2.
While the exactly 138 isomorphism types of 8-(31,10,93) designs and 1658 isomorphism types of 8-(31,10,100) de-
signswith prescribed group of automorphisms PSL(3, 5) can be found in reasonable time, the number of 8-(31,12,3080)
designs is much harder to determine. We found 107 solutions in a run of several weeks on an Intel-P4 3GHz computer
without ﬁnishing. Each of these designs consists of about 50 million blocks. Thus, determining their isomorphism
types algorithmically seems to be hard. So, we use an algebraic approach to solve the isomorphism problem for these
designs.
Theorem 1. Let q = pf be a prime power and n a natural number. Let PSL(n, q) be a group of automorphisms of
at least m designs. Then among these at least m/d · f  are pairwise non-isomorphic where d = gcd(n, p − 1). If
PSL(n, q) is the full automorphism group of exactly m of these designs then these represent exactly m/d ·f  pairwise
non-isomorphic designs. If d ·f =1 then any designs with prescribed group of automorphisms PSL(n, p) are pairwise
non-isomorphic.
Proof. Let n3. The only overgroups of PSL(n, q) different from the full symmetric and the alternating group in
the natural action on the projective line are contained in PL(n, q), see Kantor and McDonough [15]. Neither the
full symmetric nor the alternating group can be a group of automorphisms of a non-trivial design. So, if PSL(n, q)
is a group of automorphisms of a non-trivial design then the full automorphism group of that design is contained in
PL(n, q). The factor group PL(n, q)/PSL(n, q) has order f · gcd(n, q − 1) = d · f .
Let v = (pf − 1)/(p − 1). By Schmalz [23], the orbits of the normalizer of a group A in the full symmetric group
Sv on the set of designs having full automorphism group A are the classes of isomorphic designs in this set. By [15],
PL(n, q) contains the normalizer of each subgroup A of Sv that lies between PSL(n, q) and PL(n, q). The orbits of
A on the set of designs with full automorphism group A then have a length that divides |PL(n, q)|/|PSL(n, q)|=d ·f .
So, there are at least m/d · f  orbits. The claim now follows from [23].
The case n = 2 is more difﬁcult, since PSL(2, q) may be contained in overgroups different from the full symmetric
and the alternating group and which are not in PL(2, q). We see from the classiﬁcation by Liebeck et al. [20] that this
happens only if q =p, that is if q is a prime. In this case we repeat the argument of [5]. Two designs ﬁxed by a p-group
P that is a Sylow subgroup of the full automorphism group of each of the designs may be mapped one onto the other by
some permutation g only if some permutation h in the normalizer of P also maps one design onto the other. So, since
PSL(2, p) contains a Sylow subgroup of order p of the full symmetric group and PGL(2, p) contains its normalizer
we also in this case obtain the claimed result. If f > 1 then also for n = 2 the proof for the case n3 can be used. 
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We remark that Theorem 1 also holds if t-designs are replaced by other objects whose support is the projective line
and where isomorphism means renaming the elements of the support.
Since PSL(3, 5) = PGL(3, 5), all designs admitting the prescribed group of automorphisms PSL(3, 5) are pairwise
non-isomorphic. Thus, the 107 solutions we found are different isomorphism types of 8-(31,12,3080) designs. We list
only one of these designs in this paper.
We had also found earlier some simple 8-(40,11,1440) designs, see [7], prescribing PSL(4, 3) as a group of auto-
morphisms. In that paper we used invariants to show that many of the designs are non-isomorphic. This group has only
PGL(4, 3) as an overgroup different from the alternating and the symmetric group and it is not a group of automor-
phisms of a 8-(40,11,1440) design. Thus, in this case the designs admitting PSL(4, 3) as a group of automorphisms,
have this group as their full automorphism group and fall into classes of isomorphic pairs.
One might want to prescribe further groups of automorphisms of 8-(31,k,) designs, as for example subgroups of
PSL(3, 5). Usually, these groups are too small for our techniques. So, the number of orbits of PSL(3, 5) on 12-element
subsets on the projective line is 476. From thesewe have to cover 42 orbits of 8-element subsets such that each 8-element
subset is contained in the same number  of 12-element subsets. As a rule of thumb a group G of order |PSL(3, 5)|/d
will have about d-times as many orbits on 12-element subsets and on 8-element subsets. Thus, a factor d = 2 might
presently be manageable, but PSL(3, 5) has no subgroup of index 2.
We searched for 8-(40,12,) designs admitting PSL(4, 3). The search space was too big for our usual approach. So,
we made use of a feature of DISCRETA that sometimes produces unexpected results. The usual input of our system
prescribes the group and the parameters t, v, k, . Then, we search for solutions of the linear Diophantine system
M · x = (, , . . . , ) and x ∈ {0, 1}n,
where M is the Kramer–Mesner matrix, with lattice point enumeration [26]. That is, we transfer the problem of ﬁnding
the solutions of a linear Diophantine system to the problem of ﬁnding vectors with certain properties in a lattice. Then
we apply lattice basis reduction [19] followed by exhaustive enumeration to search for lattice vectors which correspond
to solutions of our linear system. However, sometimes we are lucky and the algorithm even ﬁnds a solution of the
system during the ﬁrst phase, the lattice basis reduction phase. In fact, we reduce the lattice basis corresponding to the
linear system
[M|(1, 1, . . . , 1)] · [x|] = M · x −  · (1, 1, . . . , 1) = 0.
In other words, during the lattice basis reduction  is a free parameter of the system. And indeed, sometimes the
algorithms also ﬁnds solutions for values of  different from the prescribed value. On the other hand, in some cases the
exhaustive enumeration runs for weeks without producing any solution—even in cases where the lattice basis reduction
has found a solution by chance. For example, by prescribing = 10 440 the system responded that there is no solution
for this value but by accident found a solution for =16 520. Unfortunately, prescribing =16 520 in a next run ended
in a hopeless search within a huge space ﬁnding no design in reasonable time.
But prescribing PGL(4, 3) with these parameters could be ﬁnished with the result that there are no such designs.
Thus, we would be able to easily solve the isomorphism problem for the designs with automorphism group PSL(4, 3)
but had only one such design. At least we would obtain an isomorphic copy with the same automorphism group by
forming the orbit of the design under PGL(4, 3).
The present state of known 8- and 9-designs with small parameters is shown in Table 3. The 9-designs were obtained
by Alltop’s construction from 8-designs.
We list some observations from our experiences with the search for t-designs. They hint to some regularities that are
not yet understood, mathematically.
• The entries of the matrix look uncorrelated to the constraint that all solutions must be a multiple of a smallest value
(). We only know this fact from design theory.
• Running through the multiples of() for two subsequent multiples we often ﬁnd that in most cases the computation
ﬁnishes soon with the result of no solution, whereas in another case the algorithm seems to run forever producing
masses of results.
• Similarly, in most cases there is established after a few steps that no solution exists but in some few cases the
algorithm seems to run forever ﬁnding no results.
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Table 3
Known 8- and 9-designs with small parameters
Parameters Group Size of KM-matrix Number of isomorphism types
8-(27,11,432) ASL(3, 3) 31 × 121 1
8-(27,12,1296) ASL(3, 3) 31 × 154 4336
8-(27,12,1932) ASL(3, 3) 31 × 154 2 110 899
8-(27,13,3204) ASL(3, 3) 31 × 176 538 218
8-(27,13,3240) ASL(3, 3) 31 × 176 618 421
8-(27,13,4608) ASL(3, 3) 31 × 176 200 000 000
8-(27,13,5076) ASL(3, 3) 31 × 176 Many
8-(27,13,5148) ASL(3, 3) 31 × 176 Many
8-(28,13,5832) ASL(3, 3)+ 48 × 330 5 000 000 000
8-(28,13,7080) ASL(3, 3)+ 48 × 330 Many
8-(28,13,7128) ASL(3, 3)+ 48 × 330 Many
8-(28,14,10680) ASL(3, 3)+ 48 × 352 1
8-(28,14,10800) ASL(3, 3)+ 48 × 352 1
8-(28,14,14040) ASL(3, 3)+ 48 × 352 1
8-(28,14,15360) ASL(3, 3)+ 48 × 352 1
8-(28,14,16920) ASL(3, 3)+ 48 × 352 1
8-(28,14,17160) ASL(3, 3)+ 48 × 352 1
8-(28,14,18600) ASL(3, 3)+ 48 × 352 1
8-(31,10,93) PSL(3, 5) 42 × 174 138
8-(31,10,100) PSL(3, 5) 42 × 174 1658
8-(31,12,3080) PSL(3, 5) 42 × 476 107
8-(36,11,1260) Sp(6, 2)36 79 × 694 1
8-(40,11,1440) PSL(4, 3) 53 × 569 231
8-(40,12,16200) PSL(4, 3) 53 × 1227 3
8-(40,12,16520) PSL(4, 3) 53 × 1227 30
9-(28,14,3204) ASL(3, 3)+ 538 218
9-(28,14,3240) ASL(3, 3)+ 618 421
9-(28,14,4608) ASL(3, 3)+ 200 000 000
9-(28,14,5076) ASL(3, 3)+ Many
9-(28,14,5148) ASL(3, 3)+ Many
• In some cases solutions are found as a byproduct of the search for solutions for a different value of . Usually,
the byproduct has a larger value than the chosen one. When using this unexpected value as a prescribed value the
algorithm behaves as described just before, running virtually forever without ﬁnding solutions.
2. Designs from PSL(3, 5)
The group PSL(3, 5) is generated by
(0, 3, 5, 4, 6)(7, 12, 17, 22, 27)(8, 18, 28, 13, 23)(9, 24, 14, 29, 19)(10, 30, 25, 20, 15),
(2, 7, 8, 9, 10)(11, 12, 13, 14, 15)(16, 17, 18, 19, 20)(21, 22, 23, 24, 25)(26, 27, 28, 29, 30),
(1, 11, 21, 16, 26)(3, 12, 24, 18, 30)(4, 13, 22, 20, 29)(5, 14, 25, 17, 28)(6, 15, 23, 19, 27).
The group PSL(3, 5) is of order 372 000 = (53 − 1)(53 − 5)(53 − 52)/(5 − 1) = (52 + 5 + 1)(52 − 1)(5 − 1)53. It
has these numbers of orbits on i-sets of PG2(5), i12:
i 0 1 2 3 4 5 6 7 8 9 10 11 12
# orbits 1 1 1 2 3 5 12 22 42 92 174 296 476
For each orbit we give the lexicographically minimal representative and a subscript indicates the stabilizer order of
this set. Each representative consists of an interval 0, 1, . . . , i and some further points. Thus, only i and those further
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points are listed.As an example, the full base block of the ﬁrst orbit {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}2 is represented as
{5, 6, 7, 8, 9, 10, 11}2. Its stabilizer order is equal to 2, which means that the length of this orbit is 372 000/2=186 000.
In order to save even more space, we often only list the different tails of the lists if they differ in one, two, three or four
elements. For example,
{5, 7, 8, 9, 11, 14, 16}1, {17}1, {28}1
is an abbreviation for the three orbits represented by
{0, 1, 2, 3, 4, 5, 7, 8, 9, 11, 14, 16}1, {0, 1, 2, 3, 4, 5, 7, 8, 9, 11, 14, 17}1,
{0, 1, 2, 3, 4, 5, 7, 8, 9, 11, 14, 28}1.
The 8-(31, 12, 3080) design found is the union of the following orbits:
{5, 6, 7, 8, 9, 10, 11}40 {28, 29}2 {7, 8, 11, 12, 16, 17, 19}1,
{5, 6, 7, 8, 9, 11, 17}4, {26}2 {5, 7, 8, 11, 13, 14, 21}1, {17, 25}1, {17, 28}1, {17, 30}3,
{5, 6, 7, 8, 11, 12, 13}4, {18}1, {16, 17}2, {16, 19}1, {17, 22}1, {19, 24}1, {20, 22}1, {20, 25}1,
{21}1, {22}1, {30}2 {17, 24}1,{17, 25}1, {17, 27}1, {22, 25}1, {24, 28}2, 25, 30}1,
{5, 6, 7, 8, 11, 13, 22}2 {18, 29}1, {19, 23}1, {20, 23}1, {28, 30}1, {29, 30}1
{5, 6, 7, 11, 12, 19, 29}12 {20, 24}1, {22, 25}1, {22, 26}2, {7, 8, 11, 12, 17, 19, 23}4,
{5, 7, 8, 9, 11, 12, 16}1 {22, 28}1, {24, 27}1, {24, 29}1, {19, 28}1, {19, 30}1, {25, 28}1
{5, 7, 8, 9, 11, 13, 18}1, {28}1 {26, 30}1 {7, 8, 11, 12, 18, 25, 29}4
{5, 7, 8, 9, 11, 14, 16}1, {17}1 {5, 7, 8, 11, 16, 19, 23}2 {27, 29}2
{28}1 {5, 7, 8, 11, 17, 18, 23}1, {7, 8, 11, 12, 19, 20, 23}1
{5, 7, 8, 9, 11, 16, 21}6, {24}1, {18, 24}2, {18, 26}1, {18, 27}2, {20, 30}1, {25, 28}1, {28, 29}1
{26}3, {27}1, {29}1 {24, 28}1, {25, 27}1 {7, 8, 11, 12, 20, 27, 29}2,
{5, 7, 8, 9, 11, 17, 30}2 {5, 7, 8, 12, 13, 14, 16}1, {7, 8, 11, 13, 14, 17, 24}2,
{5, 7, 8, 9, 11, 18, 30}2, {22}8 {16, 19}1, {16, 22}1, {21, 22}1 {14, 17, 30}1, {14, 26, 27}1,
{5, 7, 8, 11, 12, 13, 17}1, {5, 7, 11, 15, 19, 20, 23}2, {15, 18, 30}1, {15, 26, 27}4,
{13, 19}1, {13, 21}1, {14, 19}1, {23, 27}20 {17, 19, 24}1, {17, 20, 30}3,
{14, 20}1, {14, 21}1, {14, 22}1, {7, 8, 11, 12, 13, 16, 22}1, {18, 22, 26}6
{14, 26}1, {14, 28}1, {15, 17}1, {16, 27}1, {16, 30}1, {17, 26}1 {7, 8, 11, 14, 16, 24, 25}1,
{15, 21}2, {15, 24}4, {16, 25}1, {7, 8, 11, 12, 14, 16, 24}1, {7, 8, 11, 14, 16, 24, 25}1
{17, 20}1, {17, 23}1, {17, 24}1, {16, 25}1, {17, 23}2, {17, 28}1, {17, 18, 25}1, {17, 19, 23}1,
{17, 26}1, {18, 20}1, {18, 21}1, {17, 29}1, {18, 19}1, {18, 20}1, {17, 19, 25}2 {17, 19, 28}1,
{18, 22}1, {18, 29}1, {19, 20}1, {18, 25}1, {19, 25}2, {19, 26}1, {18, 19, 28}3, {18, 19, 29}1
{19, 24}1, {19, 25}1, {20, 24}2, {19, 29}1 {20, 26}1, {20, 28}1, {18, 22, 26}2 {19, 20, 23}2
{20, 26}1, {20, 29}1, {21, 28}1, {26, 28}1, {27, 28}1 {7, 8, 11, 15, 19, 25, 28}6
{21, 30}1, {22, 25}1, {22, 28}1, {7, 8, 11, 12, 15, 16, 19}1, {7, 8, 11, 18, 22, 27, 30}12
{23, 27}1, {23, 29}1, {25, 26}1, {16, 22}1, {16, 24}1, {16, 29}1,
{25, 29}1, {26, 29}1,{27, 28}4, {19, 23}1, {19, 29}2
3. Designs from PSL(4, 3)
The group PSL(4,3) is generated by
(0, 7, 6)(4, 13, 9)(5, 10, 12)(14, 32, 23)(15, 24, 33)(17, 35, 26)(18, 27, 36)(20, 38, 29)(21, 30, 39),
(0, 4, 5)(6, 9, 12)(7, 13, 10)(14, 17, 20)(15, 21, 18)(23, 26, 29)(24, 30, 27)(32, 35, 38)(33, 39, 36),
(3, 14, 15)(16, 17, 18)(19, 20, 21)(22, 23, 24)(25, 26, 27)(28, 29, 30)(31, 32, 33)(34, 35, 36)(37, 38, 39),
(2, 22, 31)(6, 23, 33)(7, 24, 32)(8, 25, 37)(9, 26, 39)(10, 27, 38)(11, 28, 34)(12, 29, 36)(13, 30, 35),
(1, 16, 19)(4, 17, 21)(5, 18, 20)(8, 25, 37)(9, 26, 39)(10, 27, 38)(11, 34, 28)(12, 36, 29)(13, 35, 30).
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This group has the following number of orbits on s-subsets of the setV= {1, 2, . . . , 40}:
s 0 1 2 3 4 5 6 7 8 9 10 11 12
# s-orbits 1 1 1 2 4 6 12 24 53 111 263 569 1227
The Kramer–Mesner matrix for the inclusion numbers of 8-orbits and 12-orbits of PSL(4,3) has the size 53 × 1227.
The solution for = 16 520 found consists of the following orbits:
{5, 6, 7, 8, 9, 10, 11}72, {23, 36}1,{23, 39}1,{24, 29}1, {5, 6, 8, 14, 23, 25, 32}2,
{11, 14}4,{11, 17}6,{14, 15}36, {24, 32}2, {24, 34}1, {24, 39}2, {25, 34}1,{26, 31}1,{26, 34}2,
{14, 25}3,{14, 26}6,{16, 25}2, {28, 29}2, {28, 34}1, {28, 35}2 {26, 36}1,{26, 39}2,{27, 31}1,
{16, 27}2,{16, 29}1,{16, 30}1, {5, 6, 8, 9, 17, 22, 27}2, {27, 32}1,{27, 34}1,{27, 37}1,
{25, 37}18,{27, 38}36, {22, 32}1,{22, 35}2,{22, 36}1, {28, 34}1,{28, 35}1,{28, 37}1,
{28, 34}12 {22, 39}2,{23, 25}1,{23, 28}1, {30, 32}2,{30, 36}1,{34, 38}1,
{5, 6, 7, 8, 11, 14, 15}24, {23, 33}2,{23, 38}1,{24, 28}4, {35, 36}1,{35, 39}1,{36, 37}1,
{17, 23}3,{17, 24}2,{17, 30}2, {24, 31}1,{24, 38}2,{25, 31}1, {36, 38}1,{37, 38}1
{26, 39}18 {26, 31}4 {5, 6, 8, 14, 24, 25, 34}1,
{5, 6, 7, 8, 14, 15, 25}6, {5, 6, 8, 14, 16, 22, 23}1, {25, 35}1,{25, 36}1,{25, 39}1,
{16, 17}2,{16, 19}4,{16, 22}1, {22, 26}2,{22, 27}1,{22, 33}1, {27, 34}1,{27, 35}1,{27, 37}1,
{16, 26}1,{16, 27}1,{16, 29}1, {22, 35}1, {23, 27}2, {23, 31}2, {28, 32}1,{28, 35}1,{29, 32}1,
{16, 31}2,{16, 34}1,{16, 38}1, {23, 33}2,{23, 35}1,{23, 36}1, {29, 34}1,{29, 35}1,{29, 36}1,
{16, 39}1,{25, 26}12,{25, 27}6, {27, 33}2,{27, 34}1,{31, 32}2, {29, 37}1,{29, 39}1,{30, 32}1,
{25, 34}1,{27, 28}1,{28, 29}4, {32, 34}1,{35, 39}6 {30, 34}1,{30, 35}1,{30, 38}1,
{28, 35}4 {5, 6, 8, 14, 17, 22, 26}1, {34, 39}1,{36, 37}1,{37, 39}1
{5, 6, 7, 8, 16, 19, 22}1, {22, 27}1,{22, 28}1,{22, 29}1, {5, 6, 8, 14, 25, 26, 38}4,
{19, 24}1,{20, 22}1,{20, 24}1, {22, 35}2,{22, 36}1,{22, 37}1, {25, 26, 39}2,{25, 27, 37}1,
{21, 24}1,{22, 26}1,{22, 30}1, {23, 26}2,{23, 28}1,{23, 32}8, {25, 27, 38}1,{25, 29, 34}1,
{22, 37}2,{23, 26}2,{23, 37}1, {23, 33}2,{25, 34}2,{25, 36}1, {25, 29, 38}1,{25, 34, 39}2,
{23, 38}1,{25, 29}1,{25, 37}2, {25, 37}2,{25, 39}1,{26, 29}2, {25, 36, 39}1,{26, 30, 34}1,
{26, 29}1,{26, 30}2,{26, 37}1, {28, 30}2,{28, 36}2,{29, 33}4 {26, 30, 38}1,{26, 30, 39}1,
{26, 39}2,{29, 39}2,{30, 39}4 {5, 6, 8, 14, 18, 22, 23}1, {26, 35, 39}1,{27, 28, 34}1,
{5, 6, 7, 14, 15, 25, 28}12 {22, 26}1,{22, 27}1,{22, 31}1, {27, 28, 35}1,{27, 28, 39}1,
{5, 6, 7, 14, 16, 17, 22}1, {22, 32}1,{22, 34}1,{22, 37}2, {29, 30, 34}2
{17, 28}2,{20, 22}2,{22, 26}2, {22, 39}1,{23, 26}1,{23, 31}2, {5, 6, 8, 17, 22, 26, 36}1,
{22, 29}1,{22, 30}1,{25, 30}1, {23, 34}1,{25, 26}1,{25, 28}1, {30, 32}1,{30, 35}1,{33, 38}1
{25, 34}2,{25, 37}1,{28, 29}1, {25, 32}2,{25, 36}1,{26, 29}1, {5, 6, 14, 22, 23, 34, 35}6,
{28, 37}1 {26, 30}1,{26, 36}2,{26, 39}1, {23, 34, 37}2,{24, 32, 33}144,
{5, 6, 7, 16, 19, 22, 31}32,{35}4 {28, 30}1,{28, 32}1 {24, 34, 35}6,{25, 33, 37}2,
{5, 6, 7, 16, 20, 22, 25}1,{26}1, {5, 6, 8, 14, 22, 23, 35}1, {25, 33, 38}2,{25, 34, 35}1,
{33}4,{35}2,{36}2,{37}2, {23, 39}1,{24, 33}2,{24, 36}1, {25, 34, 36}1,{25, 34, 39}1,
{38}2 {25, 33}1,{25, 35}1,{25, 38}1, {25, 35, 36}2,{25, 35, 37}1,
{5, 6, 7, 16, 22, 25, 37}8, {25, 39}1,{26, 34}1,{26, 35}1, {25, 36, 37}1,{25, 36, 38}1,
{28, 36}1,{30, 35}2 {26, 36}1,{27, 31}1,{27, 32}1, {25, 36, 39}2,{25, 37, 39}1
{5, 6, 8, 9, 14, 16, 17}16, {27, 37}1,{27, 38}1,{27, 39}1, {5, 6, 14, 23, 25, 31, 35}2,
{16, 18}4,{16, 24}1,{16, 25}1, {28, 33}1,{28, 36}2,{28, 38}2, {25, 31, 36}2,{25, 34, 38}1,
{16, 27}1,{16, 30}1,{18, 21}16, {29, 35}1,{29, 38}1,{29, 39}1, {25, 35, 38}1
{18, 22}1,{18, 23}1,{18, 25}1, {30, 32}1,{30, 33}1,{31, 38}2, {5, 6, 14, 25, 28, 35, 37}2,
{18, 27}1,{18, 28}1,{18, 30}1, {32, 34}1,{32, 35}1,{32, 36}1, {30, 36, 38}16
{22, 29}1,{22, 31}1,{22, 32}1, {32, 37}1,{32, 38}1,{34, 36}1, {5, 6, 16, 22, 26, 31, 36}144,
{22, 35}1,{22, 36}1,{22, 37}1, {34, 39}2,{35, 37}1,{36, 39}1, {26, 31, 38}12,{26, 32, 34}2,
{23, 30}1,{23, 31}2,{23, 35}1, {37, 38}1,{37, 39}1 {27, 31, 39}16,{27, 32, 36}2,
{30, 31, 38}16,{30, 32, 34}4, {27, 28}1,{27, 30}1,{27, 31}1, {36, 37}1,{36, 39}2,{38, 39}1
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{30, 33, 35}3,{30, 36, 38}4 {28, 29}1,{28, 30}1,{28, 32}1, {6, 8, 14, 16, 26, 30, 31}2,
{5, 6, 16, 23, 25, 33, 34}144, {28, 34}1,{28, 36}1,{28, 38}1, {32, 37}12
{24, 28, 35, 39}24 {28, 39}1,{29, 34}1,{29, 36}1, {6, 8, 14, 16, 27, 29, 30}6,
{6, 8, 9, 14, 16, 17, 22}2, {29, 38}1,{29, 39}1,{30, 34}1, {29, 31}2,{29, 38}2,{30, 32}1,
{17, 24}2,{17, 26}4,{18, 22}1, {30, 35}1,{30, 36}1,{30, 38}1, {30, 39}1,{31, 35}1,{32, 39}2,
{18, 23}1,{18, 25}1,{18, 27}2, {31, 38}1,{32, 34}1,{34, 38}1, {35, 38}1,{35, 39}1,{36, 38}1
{18, 31}1,{18, 35}1,{21, 22}1, {36, 38}1 {6, 8, 14, 16, 30, 32, 34}1,
{21, 23}1,{21, 27}1,{21, 30}1, {6, 8, 10, 14, 17, 23, 25}2, {35, 36}2,{35, 39}2,{36, 38}2,
{22, 26}3,{23, 26}2,{23, 27}1, {23, 30}1,{25, 30}2,{25, 34}1, {35, 38}1
{23, 30}1,{23, 36}1,{23, 38}1, {28, 29}2,{28, 35}2 {6, 8, 14, 17, 24, 26, 28}1
{24, 28}1,{24, 29}2,{24, 30}1, {6, 8, 10, 14, 28, 29, 36}12, {6, 8, 14, 17, 25, 29, 30}1,
{24, 36}2,{24, 38}1,{25, 28}1, {30, 35}3 {29, 34}2,{30, 34}1,{30, 39}1,
{25, 29}1,{25, 30}1,{25, 31}2, {6, 8, 10, 16, 20, 22, 27}1, {33, 36}2
{25, 32}1,{26, 30}1,{27, 29}1, {22, 37}6,{22, 39}1,{23, 27}1, {6, 8, 14, 17, 27, 30, 39}2,
{28, 32}2,{28, 35}1,{28, 38}2 {23, 28}1,{23, 32}2,{23, 34}2, {36, 39}1
{6, 8, 9, 14, 17, 18, 25}4, {23, 38}2,{23, 39}1,{24, 26}1, {6, 8, 14, 18, 23, 26, 30}2,
{24, 25}1,{24, 29}1,{25, 28}1, {24, 27}1,{24, 29}1,{24, 30}1, {26, 36}1 {30, 34}1,{34, 37}2,
{25, 29}1,{28, 29}1,{28, 36}2, {25, 30}1,{25, 32}1,{26, 29}1, {34, 39}2
{29, 33}2 {26, 31}1,{26, 33}1,{26, 34}2, {6, 8, 14, 18, 25, 28, 36}1,
{6, 8, 9, 14, 18, 21, 24}1, {27, 30}1,{27, 35}2 {36, 38}2
{24, 29}1,{24, 34}1,{25, 29}1, {6, 8, 10, 16, 22, 27, 35}1, {6, 8, 14, 18, 26, 28, 39}1,
{28, 34}2,{29, 34}1,{29, 35}1 {29, 35}1,{29, 38}1,{29, 39}1, {29, 33}1,{29, 34}2,{30, 36}1,
{6, 8, 9, 14, 28, 29, 36}2 {30, 38}1,{36, 37}18 {30, 37}1
{6, 8, 9, 17, 23, 27, 38}16, {6, 8, 10, 16, 23, 29, 36}4, {6, 8, 14, 18, 28, 30, 35}1,
{28, 34}2 {24, 26, 39}1,{24, 32, 36}2 {34, 35}2,{35, 37}1
{6, 8, 10, 12, 13, 14, 16}6, {6, 8, 10, 18, 20, 24, 26}2,{39}4 {6, 8, 14, 18, 30, 34, 39}8,
{14, 17}18,{18, 20}324, {6, 8, 10, 18, 24, 28, 34}6 {19, 23, 27, 39}6,{19, 23, 30, 34}1,
{18, 24}54 {6, 8, 14, 16, 22, 27, 29}2, {21, 24, 26, 29}3,{21, 24, 26, 34}1,
{6, 8, 10, 12, 14, 16, 18}2, {27, 30}1 {21, 24, 34, 35}6,{21, 27, 29, 34}1,
{16, 22}1,{16, 23}2,{16, 26}1, {6, 8, 14, 16, 23, 25, 35}1, {26, 28, 34, 39}1,{26, 30, 36, 37}4
{16, 28}2,{16, 36}1,{28, 34}6, {26, 28}1,{26, 34}2,{27, 30}1, {6, 8, 17, 23, 30, 36, 38}2,
{28, 36}6 {27, 34}1,{27, 35}1,{27, 36}1, {24, 28, 36, 38}6
{6, 8, 10, 14, 16, 18, 23}2, {27, 38}1,{28, 30}1,{28, 39}1, {6, 8, 18, 26, 28, 32, 39}18
{20, 24}1,{20, 31}2,{20, 32}2, {30, 36}1,{30, 37}1,{30, 39}1, {6, 9, 14, 17, 23, 26, 27}288,
{20, 33}1,{20, 36}4,{21, 25}1, {34, 35}1,{34, 39}2,{36, 37}1, {25, 28, 29}18,{25, 28, 31}6,
{21, 26}1,{21, 27}1,{21, 28}1, {36, 38}1 {25, 36, 38}2
{22, 27}1,{22, 29}1,{23, 25}1, {6, 8, 14, 16, 24, 26, 29}2, {10, 12, 18, 20, 23, 25, 30}648
{23, 28}1,{23, 36}1,{23, 38}1, {26, 34}1,{27, 28}1,{27, 37}2, {10, 12, 18, 23, 25, 33, 35}72
{23, 39}2,{24, 30}1,{25, 29}1, {27, 39}1,{29, 30}1,{29, 34}1, {0, 1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12}11664
{25, 30}1,{25, 32}1,{25, 35}1, {29, 37}1,{29, 38}2,{30, 39}1,
{25, 36}1,{26, 28}1,{26, 30}2, {34, 35}1,{34, 38}1,{35, 39}1,
The solution for = 16 200 found consists of the following orbits:
{5, 6, 7, 8, 9, 10, 11}72, {26, 29}1,{26, 37}1,{27, 38}2, {22, 35}1,{22, 37}1,{23, 25}1,
{10, 16}12,{10, 28}36, {29, 39}2,{30, 39}4 {23, 28}1,{23, 32}1,{23, 34}1,
{11, 27}8,{14, 16}1,{14, 25}3, {5, 6, 7, 14, 15, 25, 28}12 {23, 35}1,{24, 34}1,{24, 35}1,
{14, 26}6,{16, 22}1,{16, 24}2, {5, 6, 7, 14, 16, 22, 25}1, {24, 39}2,{28, 29}2
{16, 26}2,{16, 28}1,{28, 34}12 {22, 28}1,{25, 29}1,{25, 30}1, {5, 6, 8, 9, 17, 22, 27}2,
{5, 6, 7, 8, 11, 14, 15}24, {25, 35}1,{25, 37}1,{25, 38}1, {22, 31}1,{22, 37}1,{22, 38}1,
{14, 18}2,{14, 27}2,{17, 21}12, {28, 39}2 {22, 39}2,{23, 25}1,{23, 31}1,
{17, 23}3,{17, 28}2 {5, 6, 7, 14, 25, 28, 35}2 {23, 36}1,{23, 37}1,{24, 28}4,
{5, 6, 7, 8, 14, 15, 16}6, {5, 6, 7, 16, 19, 22, 26}4,{31}32, {24, 31}1,{24, 37}1,{24, 38}2
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{15, 25}6,{15, 28}6,{16, 26}1, {32}2,{35}4 {5, 6, 8, 14, 16, 22, 31}4,
{16, 28}1,{16, 30}1,{16, 31}2, {5, 6, 7, 16, 20, 22, 26}1,{33}4, {22, 32}1,{22, 36}2,{22, 38}2,
{16, 32}2,{16, 34}1,{16, 35}1, {34}2,{38}2 {23, 25}2,{23, 29}1,{23, 31}2,
{16, 38}1,{25, 26}12,{25, 34}1, {5, 6, 7, 16, 22, 25, 37}8, {23, 34}1,{23, 36}1,{27, 32}2,
{25, 37}6,{27, 28}1,{27, 39}12, {28, 36}1,{29, 35}1,{29, 36}2 {27, 34}1,{27, 35}1,{27, 36}1,
{28, 35}4 {5, 6, 8, 9, 14, 16, 17}16, {31, 32}2,{32, 35}1,{32, 36}2,
{5, 6, 7, 8, 16, 19, 22}1, {16, 18}4,{16, 22}1,{16, 24}1, {33, 34}2,{33, 35}1
{19, 24}1,{20, 22}1,{20, 23}1, {16, 28}1,{16, 30}1,{18, 24}1, {5, 6, 8, 14, 17, 22, 24}2,
{21, 23}1,{22, 28}2,{22, 29}1, {18, 25}1,{18, 26}1,{18, 28}1, {22, 25}1,{22, 27}1,{22, 29}1,
{22, 37}2,{23, 26}2,{23, 29}1, {22, 26}1,{22, 27}2,{22, 29}1, {22, 34}1,{22, 36}1,{23, 25}1,
{23, 37}1,{25, 29}1,{25, 38}1, {22, 30}1,{22, 33}2,{22, 34}1, {23, 28}1,{23, 29}2,{23, 34}1,
{25, 27}2,{25, 29}1,{25, 30}1, {25, 31, 34}2,{25, 31, 35}2, {6, 8, 10, 16, 22, 27, 29}1,
{25, 36}1,{25, 37}2,{28, 30}2, {25, 34, 38}1,{25, 36, 38}2, {27, 35}1,{29, 35}1,{35, 39}1,
{28, 39}2,{29, 33}4 {28, 35, 39}1,{26, 31, 38}12, {36, 38}1
{5, 6, 8, 14, 18, 22, 23}1, {26, 32, 34}2,{27, 32, 36}2, {6, 8, 10, 16, 23, 25, 30}2,
{22, 24}2,{22, 28}1,{22, 29}1, {27, 34, 38}4,{27, 35, 39}4, {29, 39}4,{30, 35}2
{22, 31}1,{22, 32}1,{22, 33}1, {30, 32, 34}4,{30, 33, 35}3 {6, 8, 10, 16, 24, 26, 39}1
{22, 34}1,{22, 36}1,{22, 39}1, {6, 8, 9, 14, 16, 17, 24}2, {6, 8, 10, 18, 20, 24, 26}2,
{23, 28}1,{23, 31}2,{23, 33}8, {18, 20}2,{18, 22}1,{18, 23}1, {24, 32}4,{24, 39}4
{23, 36}1,{25, 26}1,{25, 28}1, {18, 24}1,{18, 31}1,{21, 22}1, {6, 8, 10, 18, 24, 28, 34}6
{25, 30}2,{25, 36}1,{26, 28}1, {21, 25}1,{21, 26}1,{21, 29}1, {6, 8, 14, 16, 22, 27, 30}1
{26, 32}1,{26, 38}2,{28, 32}1 {21, 30}1,{22, 26}3,{22, 27}1, {6, 8, 14, 16, 23, 25, 30}4,
{5, 6, 8, 14, 22, 23, 34}1, {23, 24}1,{23, 31}2,{23, 37}1, {25, 36}4,{25, 38}4,{26, 28}1,
{23, 36}1,{23, 37}1,{23, 39}1, {23, 38}1,{24, 25}1,{24, 35}1, {26, 30}1,{27, 34}1,{27, 37}1,
{24, 33}2,{24, 34}1,{24, 36}1, {24, 36}2,{24, 37}1,{24, 38}1, {27, 38}1,{27, 39}1,{28, 30}1,
{25, 33}1,{25, 35}1,{25, 37}2, {25, 26}2,{25, 32}1,{25, 35}1, {28, 35}1,{30, 34}1,{30, 35}1,
{26, 36}1,{26, 37}1,{26, 39}1, {26, 28}1,{27, 29}1,{27, 35}2, {30, 36}1,{35, 36}1,{35, 39}1,
{27, 33}1,{27, 34}1,{27, 35}1, {28, 30}1,{28, 32}2 {36, 37}1,{37, 39}1
{27, 37}1,{27, 38}1,{28, 32}1, {6, 8, 9, 14, 17, 18, 33}4, {6, 8, 14, 16, 24, 26, 30}1,
{28, 33}1,{29, 31}1,{29, 32}1, {24, 26}1,{24, 28}1,{24, 29}1, {26, 34}1,{27, 29}1,{27, 34}2,
{29, 36}1,{29, 38}1,{29, 39}1, {24, 33}1,{24, 36}1,{25, 28}1, {27, 39}1,{29, 30}1,{29, 34}1,
{30, 33}1,{30, 37}1,{30, 38}1, {25, 29}1,{25, 33}1 {29, 35}1,{29, 39}1,{30, 36}1,
{31, 38}2,{32, 36}1,{32, 37}1, {6, 8, 9, 14, 18, 21, 24}1, {30, 37}1,{30, 38}1,{30, 39}1,
{32, 39}1,{34, 38}1,{34, 39}2, {24, 25}1,{24, 28}1,{24, 35}1, {34, 39}1,{35, 36}1,{35, 38}2,
{35, 36}1,{36, 38}1,{36, 39}1, {25, 29}1,{28, 34}2,{29, 35}1, {35, 39}1,{36, 37}1,{37, 39}1
{37, 39}1,{38, 39}1 {29, 36}2,{30, 35}1 {6, 8, 14, 16, 26, 27, 30}2,
{5, 6, 8, 14, 23, 25, 31}1, {6, 8, 9, 14, 28, 29, 34}1,{36}2 {26, 30, 31}2,{26, 33, 34}12,
{25, 32}2,{25, 34}1,{26, 31}1, {6, 8, 9, 17, 23, 27, 38}16, {27, 29, 31}2,{27, 29, 35}1,
{26, 39}2,{27, 36}1,{27, 37}1, {28, 34}2 {27, 29, 36}2,{27, 30, 31}1,
{27, 39}1,{28, 31}1,{28, 32}1, {6, 8, 10, 12, 14, 16, 18}2, {27, 30, 33}1,{27, 30, 39}1,
{28, 34}1,{28, 37}1,{30, 34}1, {16, 22}1,{16, 24}2,{16, 30}2, {27, 31, 39}1,{27, 32, 35}1,
{30, 36}1,{30, 38}1,{35, 36}1, {16, 35}1,{16, 38}1,{16, 39}4, {27, 35, 38}1,{27, 36, 38}1,
{35, 39}1,{36, 37}1,{37, 38}1 {28, 29}6,{29, 30}12 {30, 31, 35}1,{30, 35, 39}2,
{5, 6, 8, 14, 24, 25, 35}1, {6, 8, 10, 14, 16, 18, 26}2, {30, 36, 38}2,{31, 35, 38}1
{25, 38}1,{27, 37}1,{28, 35}1, {20, 23}2,{20, 24}1,{20, 30}4, {6, 8, 14, 17, 24, 26, 28}1,
{28, 37}2,{29, 32}1,{29, 34}1, {20, 33}1,{21, 23}1,{21, 25}1, {24, 28, 36}1,{25, 29, 30}1,
{29, 35}1,{29, 36}1,{30, 32}1, {21, 26}1,{21, 27}1,{21, 30}1, {25, 30, 36}1,{25, 30, 39}1,
{30, 35}1,{30, 37}1,{34, 36}1, {22, 26}1,{22, 27}1,{22, 29}1, {25, 33, 36}2,{25, 33, 39}2,
{34, 38}1,{35, 36}1 {23, 28}1,{23, 35}1,{24, 26}1, {26, 27, 30}4,{27, 29, 36}1
{5, 6, 8, 14, 25, 26, 37}4, {24, 28}1,{24, 29}1,{24, 30}1, {6, 8, 14, 18, 23, 26, 30}2,
{27, 37}1,{27, 38}1,{27, 39}1, {25, 30}1,{25, 32}1,{25, 35}1, {23, 26, 36}1,{25, 28, 29}2,
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{29, 34}1,{34, 39}2,{35, 39}1 {27, 31}1,{27, 32}1,{27, 36}1, {26, 28, 34}1,{26, 29, 33}1,
{5, 6, 8, 14, 26, 30, 34}1, {28, 30}1,{28, 32}1,{28, 34}1, {26, 29, 37}2,{26, 30, 36}1,
{30, 35}1,{30, 38}1,{30, 39}1, {28, 35}1,{28, 38}1,{29, 36}1, {26, 33, 35}3,{28, 29, 36}1,
{34, 39}1 {30, 31}1,{30, 34}1,{30, 35}1, {28, 30, 35}1,{28, 34, 35}2,
{5, 6, 8, 14, 27, 28, 35}1,{36}1 {31, 35}1,{31, 36}1,{32, 36}2, {30, 34, 39}8
{5, 6, 8, 14, 28, 29, 35}1,{36}1 {35, 38}1,{36, 38}1 {6, 8, 14, 19, 23, 27, 39}6,
{5, 6, 8, 14, 29, 30, 34}2 {6, 8, 10, 14, 17, 23, 30}1, {19, 23, 30, 34}1,{21, 25, 28, 35}2,
{5, 6, 8, 17, 22, 26, 33}1, {25, 28}1,{25, 30}2,{28, 36}1, {21, 26, 29, 34}1,{21, 27, 29, 34}1,
{26, 36}1,{30, 31}4,{30, 35}1, {29, 34}2,{30, 36}2 {27, 28, 34, 39}2
{36, 37}1 {6, 8, 10, 14, 28, 30, 34}6, {6, 8, 17, 23, 30, 36, 38}2,
{5, 6, 14, 22, 23, 37, 38}6, {22, 29}1,{22, 33}1,{22, 37}6, {24, 28, 36, 38}6
{24, 32, 34}3,{24, 34, 35}6, {22, 39}1,{23, 25}1,{23, 27}1, {6, 9, 14, 17, 23, 26, 27}288,
{24, 34, 38}6,{25, 32, 34}2, {23, 28}1,{23, 30}1,{23, 31}1, {17, 25, 28, 29}18,
{25, 32, 37}1,{25, 34, 35}1, {24, 25}1,{24, 27}1,{24, 28}1, {17, 25, 28, 31}6,{25, 30, 36, 38}8
{25, 34, 36}1,{25, 34, 38}1, {24, 32}1,{25, 29}1,{25, 33}1, {6, 16, 22, 27, 29, 35, 39}24
{25, 35, 36}2,{25, 35, 37}1, {26, 29}1,{26, 31}1,{27, 33}1,
{25, 35, 39}1,{25, 36, 37}1, {30, 31}4
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